Sexually transmitted infections (STIs) are, by definition, transmitted between sexual partners.
Introduction
In the field of STI prevention, contact tracing is an important intervention to control the spread 48 of curable STIs. Empirical data about the infection status of actively sought sexual partners of 49 a diagnosed infected individual are recorded and can be used to calculate a reproduction number. 50 Using the definitions above, only the case reproduction number (R c ) can be calculated from contact 51 tracing data because the direction of transmission from infected partners is usually unknown and 52 traced partners might already have been infected more than once by the same partner and could 53 have cleared the infection naturally before diagnosis. In one study that used contact tracing data to 54 calculate reproduction numbers for chlamydia Potterat et al. (1999) , the authors found an overall where 100 P = P SS + P SI + P SR + P IS + P II + P IR + P RS + P RI + P RR (3)
X f = X f,S + X f,I + X f,R X m = X m,S + X m,I + X m,R N = X f + X m + 2P = 1
We assumed a frequency of unprotected sex acts of once a week. By setting the derivatives to P(P II → X f,I ) = σ + µ σ + 2µ + γ f + γ m (4)
The probability of first passing through P IR or P IS before separating is given by 124 P(P II → P IR )P(P IR → X f,I ) + P(P II → P IR )P(P IR → P IS )P(P IS → X f,I ) (5)
We define q 0 as the probability of still being infected after separation when there is no re-infection 125 within the partnership. This is the sum of Eq. 4 and Eq. 5
Now, we consider the situation that one or more re-infections of the male partner take place be-127 fore the pair separates. Let b f be the probability that the woman transmits the infection to her 128 susceptible partner 129 b f = P(P IS → P II ) = βφ σ + 2µ + γ f + βφ
The probability that the male partner of a P II pair clears his infection and is then re-infected by 130 the female index case is denoted by r f 131 r f = P(P II → P IR )P(P IR → P IS )P(P IS → P II )
Then r f i is the probability that clearance and re-infection of the male partner happens exactly 132 i times before separation of the pair, i ∈ N. The probability that at least one re-infection occurs is 133 given by
Now the probability that a woman who started in a P II partnership is still infected after separation from that partner is given by
Because all parameters are positive, this quantity is < 1.
137
While the woman is single she leaves the infected state with rate γ f + µ before forming a new 138 partnership. The probability that she is still infectious and sexually active when she meets her next 139 partner is
For each partner we have to compute the probability that the woman is still infectious and sexu-141 ally active when forming the partnership assuming that every new partnership is with a susceptible.
142
For the i-th partner this is
new partners during her infectious period.
144
The derivation of the case reproduction number Rm c of males towards the female population 145 is analogous.The case reproduction number for the entire transmission cycle is then given by the The partnership reproduction number (R p ) builds on the concept of R c . R p is defined as the 149 average number of secondary P II partnerships one typical infected individual will produce during 150 his or her infectious lifetime starting in a P II partnership in a totally susceptible population. In con-structing this reproduction number, we assume that re-infection of the index case in a partnership prolongs the initial infectious period of the index case; the prolonged infectious period is called 153 the infectious lifetime (Table 1 and Fig. 1 ). As above, we use the probabilities that a person is still 154 infected when forming a new partnership and when separating from the partnership. Additionally,
155
we include in the probability of still being infected after separation, a term that involves clearance 156 and re-infection of the index case in the partnership.
157
We follow again an infected woman who starts her infectious life in a partnership with an 158 infected man. We denote by s f the probability that the female index case clears the infection in a 159 partnership and is re-infected by her male partner before separation (dashed arrows in Fig. 1 and 160 2) and therefore the probability that at least one re-infection occurs before separation of the pair is 165 given by
Eq. 16 holds because r f + s f < 1. The probability that a woman who started in a P II partnership 167 is still infected after separation from that partner is given by
This quantity is also < 1, analogous to Eq. 10.
169
The number of P II partnerships caused by an infected women in a P II partnership during her 170 entire infectious lifetime (Rf p ) is given by
The sum converges because the expression in the bracket fulfills the condition to be less than 172 one (see Eq. 11 and 17) and Rf p ≥ 0.
173
Again, the derivation of the number of P II partnerships produced by an infected man in a P II 174 partnership during his entire infectious lifetime (Rm p ) is analogous and the overall partnership 175 reproduction number (R p ) is again the geometric mean of the two quantities. The concept of R 0 has been formalised by Diekmann and Heesterbeek (2000) . Here, we apply 178 this concept to calculate Rf 0 for the pair model, i.e. the average number of secondary infections 179 one typical infected woman will produce during her infectious period starting in a P II partnership 180 in a totally susceptible population. In the model, there is one infection state, but 4 subpopulations 181 of women who are in the infection state at a given time: single (1); in a pair with a susceptible 182 partner (2); in a pair with an infected partner (3) and in a pair with a recovered partner (4) (Fig. 2 ).
183
We can now write down the matrix G where the ij-th element describes the transitions from state 184 j to state i
Some transitions in the matrix cannot occur. For example, there is no transition from state 1 to 189 states 3 and 4 (i.e. G 31 = G 41 = 0) because we assume that partnerships do not start with a sexual 190 contact and that every new partnership is with a susceptible individual.
191
The ij-th element of the matrix −(G −1 ) gives the expected time a woman who presently has 192 state j will spend in state i during her infectious period. Similar as with the other reproduction 193 numbers, we start with an infected woman in a pair with an infected man (state 3), and we determine the time she spends in state 2 with a susceptible partner during her infectious lifetime (i.e.
195
(−G −1 ) 23 ). The total number of infections a woman will produce while she is together with a 196 susceptible man during her infectious period is then given by
The calculation of the male basic reproduction number is analogous and the basic reproduction 
Relationship between reproduction numbers 202
We can rewrite the expression for Rf 0 using the same probabilities as described in the previous 203 sections. We then obtain the following expression
where r f 1−r f (Rf c + 1) describes the expected number of re-infections in the starting partnership 205 and in the subsequent partnerships. This term, divided by Rf 0 , gives the fraction of the female 206 reproduction number that is attributable to re-infection of the partner by the index case. It can be 207 seen that Rf 0 is always ≥ Rf c and when there is no re-infection within partnerships (i.e. r f = 0),
The equation for Rf p can also be written in terms of Rf c
where the first term of the equation is the number of secondary cases a women produces in her 211 first infectious period, and the second term describes the number of secondary cases in subsequent 212 infectious periods as a result of clearance and re-infection of the female index case in a partnership.
213
Note that Rf p is always ≥ Rf c but not necessarily always ≥ Rf 0 and that when the probability of contacts result in an infinitely large separation rate σ, Eq. 12 can then be written as impact that preventing re-infections within partnerships can contribute to intervention success.
Assuming that R 0 = 1 we can derive the following threshold equation for R c
Under the condition that Rf 0 = Rm 0 = 1, the equation simplifies to (1 − 2r f )(1 − 2r m ). The We calculated the three reproduction numbers using chlamydia as an example of a curable 243 STI. In the baseline scenario, we assumed an infectious duration for asymptomatic chlamydia of and R p = 1.15.
250
We varied one parameter at a time to explore the sensitivity of the reproduction numbers to the 251 infection and behavioural baseline values. For increasing prevalence (i.e. increasing transmission 252 probability), the reproduction numbers increase (Fig. 3A ). As demonstrated mathematically in 253 Section 3.5, the three reproduction numbers have different threshold values above which chlamydia 254 can persist in the population. Chlamydia can be endemically sustained even when the number of 255 secondary cases is below 1, because re-infection of the partner by the index case pushes R 0 above 256 1.
257
With increasing duration of infection (and constant transmission probability), all reproduction 258 numbers increase because prevalence increases ( Fig. 3B ). For short infectious durations, R p can 259 be smaller than R 0 , because an individual has the potential to infect the same partner more than once, but the probability of still being infected when forming a new partnership is small. For long infection durations, the R c becomes higher than 1 because there is a high probability that a person 262 separates from a partnership still being infected, so chlamydia can be transmitted to new partners.
263
The case reproduction number is not sensitive to the period of immunity (Fig. 3C ). This is 264 because R c only counts whether or not there is transmission to the susceptible partner, not the 
270
For very short partnership durations, the three reproduction numbers are the same (Fig. 3D ).
271
This is also shown mathematically in Section 3.4 when assuming instantaneous contacts. There is 272 an optimum partnership duration in which the reproduction numbers are maximised. This duration 273 is different for the three reproduction numbers. For longer partnership durations, the transmission 274 probability is not high enough to sustain continuing transmission. Furthermore, the probability that 275 the partner is re-infected becomes higher so the difference between R 0 and R c becomes bigger.
276
Note that, when the partnership duration is changed and the rest of the parameters are kept at the is low and many people are in a partnership.
281
When we changed the duration of infection, but kept the prevalence fixed at 3% (by changing 282 the transmission probability for every infectious duration), R 0 is (as expected) always above 1 and 283 increases slowly with increasing duration of infection (Fig. 4) . For short durations of infection, 284 the probability of leaving the partnership and still being infected is low so the case reproduction 285 number is low. The difference between R c and R 0 becomes smaller for longer duration of infection 286 and R c will eventually approach R 0 .
287
There is a combination of duration of infection and transmission probability that maximizes R p (Fig. 4) . For the baseline behavioural parameters and prevalence, the R p is at a maximum for a duration of infection of 482 days and a transmission probability of 0.064 per sex act. Both 290 estimates are within the ranges recently estimated for these parameters for chlamydia (Althaus   291   et al., 2010, 2012) . The duration of infection at which R p is maximised increases for increasing 292 duration of immunity. , 1984) . Therefore, we also provided derivations for the reproduction numbers 327 for a model that included a core-group with higher partner change rates. Individuals in high sexual 328 activity classes have more partners with shorter durations so the reproduction numbers should be 329 higher, but also more alike because re-infection within partnerships is less likely to happen. As a 330 consequence, the contribution of re-infection within partnerships to endemicity will be lower.
331
For many curable STIs, it is not known whether there is a period of immunity after natural 332 clearance and, if it exists, whether there is full or partial protection against new infections. In our 333 study, a period of immunity pushes R 0 closer to 1 even for very short durations of immunity. Others 334 have shown interesting results from instantaneous contact models that included partial immunity 335 after natural clearance (Gomes et al., 2004; Sharomi and Gumel, 2009 quantification could lead to the identification of groups amongst whom re-infection is contribut-361 ing substantially to endemic prevalence and where prevention of re-infection should be prioritised.
362
Finally, this study shows that re-infection within partnerships means that curable STIs can be sus-363 tained endemically even when the average number of secondary cases a person produces during 364 his or her infectious period is below one. 365
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For a SIRS type of infection, the transmission probability β as a function of the prevalence is 480 obtained by setting the system of differential equations described in section 2 to zero. Because the 481 analytic solution is lengthy, it is not shown here. However, the solution is available upon request 482 from the author.
where δ ij =1 if i = j and 0 otherwise and ω the proportion of contacts that will be proportionate 502 or assortative (ω = 1 for full random mixing, and ω = 0 for full assortative mixing). The separation 503 rates depend on the sexual activity levels of both partners. The separation rate of two individuals 504 in the low sexual activity classes is denoted by σ LL and in the high activity classes by σ HH . We 505 assume that σ LH = σ HL . The pair processes can be described by a set of differential equations,
506
where the indices denote the sexual activity classes
The mixing matrix M can be inferred by either 508 running the system of differential equations into steady state, or analytically by assuming a closed 509 population (i.e. µ = 0). The infection process is similar to that described in section 2 of the main 510 text.
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We present the derivation of the partnership reproduction number for a woman in the low 512 activity class (Rf L p ), using the same line of thinking as described in the main text. All other 513 reproduction numbers are analogous. We start with an infected woman in a pair with an infected 
The derivation of the partnership reproduction number for low risk males towards the female pop- 
